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Abstract. We calculate the Lefschetz number of a Galois automorphism in 
the cohomology of certain arithmetic congruence groups arising from orders 
in quaternion algebras over number fields. As an application we give a lower 
bound for the first Betti number of a class of arithmetically defined hyperbolic 
3-manifolds and we deduce the following theorem: Given an arithmetically 
defined cocompact subgroup F C SL2 (C) , provided the underlying quaternion 
algebra meets some conditions, there is a decreasing sequence {Fi}; of finite 
index subgroups of F such that the first Betti number satisfies 

bi(F,) > [F : F,]i/2 

as i goes to infinity. 



1. Introduction 

1.1. The first Betti number of hyperbolic 3-manifolds. Every orientable hy- 
perbolic 3-nianifold is isometric to the quotient ^'^/T of hyperboUc 3-space S)'^ by 
a discrete torsion-free subgroup T of the group of orientation-preserving isometries 
of i^^. The latter group is isomorphic to the connected group PGL2(C), the real 
Lie group SL2(C) modulo its centre. Generally, a discrete subgroup of PGL2(C) is 
called a Kleinian group. 

Within Thurston's geometrization program and its subsequent treatment by 
Perelman the class of hyperbolic 3-manifolds plays a fundamental role but is still 
not well understood. One of the open problems is the fundamental conjecture in 
3-manifold theory, stated by Waldhausen [28^ in 1968, which says: given an irre- 
ducible 3-manifold M with infinite fundamental group there exists a finite cover 
M' of M which is Haken, that is, it is irreducible and contains an embedded incom- 
pressible surface. This so-called virtual Haken conjecture is the source for the even 
stronger virtual positive Betti number conjecture. Within the class of hyperbolic 
3-manifolds it states that, given a hyperbolic 3-manifold M there exists a finite 
cover M' with non- vanishing first Betti number bi{M'). 

These two conjectures concern finite covering spaces of 3-manifolds. Thus, one 
is naturally led to ask how various algebraic or geometric invariants attached to 
hyperbolic 3-manifolds behave in finite-sheeted covers (see e.g. [H]). Our object 
of concern will be the first Betti number in the case of arithmetically defined hy- 
perbolic 3-manifolds. Among hyperbolic 3-manifolds, the ones originating with 
arithmetically defined Kleinian groups form a class of special interest. Due to the 
underlying connections with number theory this class seems to be in many ways 
more tractable. Indeed, in many cases geometric techniques or results in the theory 
of automorphic forms make it possible to construct non-vanishing (co)-homology 
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classes on these hyperbolic manifolds up to a finite cover (see, e.g., [53], chap. I, 
for a survey of various results or, [TU], [12], [IS])- 

Investigating the first Betti number, it is quite natural to consider its growth 
rate in a nested sequence {FijigN of finite index (normal) subgroups C F (whose 
intersection is the identity) for a given arithmetically defined Kleinian group F. 
One defines the first Betti number gradient which is the limit of the ratio of the 
first Betti number 6i(Fi) by the index [F : F^]. This is a special case of a general 
concept: Let F be a lattice in a semi-simple real Lie group G. If {Fijig^ is a 
nested sequence of finite index normal subgroups F^ C F (whose intersection is the 
identity) one can form the quotients 

dimg,(F„C) 
[F:F,] • 

It is known by a result of Liick [TB] that the /3j(Fi) converge to the j-th L^-Betti 
number of F, that is, the limit limi/3j(Fi) exists for each j. The limit is non-zero 
if and only if the rank rkc G of G equals the rank rkc K oi a. maximal compact 
subgroup K C G and j — ^dim(G/i4r). There are several works, notably by de 
George and Wallach [5], Savin [22], and Rohlfs and Speh [2T] among others, in 
which one finds precise results pertaining to the actual value of this limit in the 
case where S{G) := rkc G — rkc K = 0. 

However, in the situation of arithmetically defined hyperbolic 3-manifolds, that 
is, G is the group PGL2(C) one has (5(G) := rkc PGL2(C) - rkc if = 1, thus, 

lim/?,(F,) = 0. 

i 

In particular, this assertion is valid for j — 1. As a consequence, the sequence of 
first Betti numbers bi{Ti) grows sub-linearly as a function of the index [F : F^] 
whenever {Fij^gN is a decreasing sequence of finite index normaQ subgroups in an 
arithmetically defined group F C PGL2(C). Recently there has been some progress 
on improved upper bounds for the growth of Betti numbers, e.g. in [3] and [3]. Our 
objective is to deduce lower bounds for the growth of the first Betti number. 

Our main result concerns a specific class (see below) of compact arithmeti- 
cally defined hyperbolic 3-manifolds which originate with orders in suitable division 
quaternion algebras D defined over some number field E. Given an arithmetic sub- 
group in the algebraic group SLi(Z?) we show that there are a positive real number 
K and a nested sequence {Fijigpf of finite index subgroups F^ C F (whose inter- 
section is the identity) such that the first Betti number of the compact hyperbolic 
3-manifold Sj^ /Ti corresponding to F^ satisfies the inequality 

6i(r,)>«[r:F,]i/2 

for all indices i G N. One obtains a similar result in the case of Bianchi groups, 
that is, the corresponding manifold is non-compact. In this case one can construct 
nested sequences such that the first Betti number grows at least as fast as [F : F^]^/^ 
up to a factor. 

In the following subsections, we precisely describe the class of hyperbolic 3- 
manifolds in question and give an exact formulation of the results obtained. 

1.2. Arithmetically defined hyperbolic 3-manifolds. For the sake of conve- 
nience we begin with the notion of an arithmetically defined Kleinian group. A 
discrete subgroup F of PGL2(C) is said to be arithmetically defined if there exists 
an algebraic number field E/Q with exactly one complex place w, an arbitrary 
(but possibly empty) set T of real places, an i?-forni G of the algebraic E'-group 



The conclusion still holds if, for instance, the are not normal in F but F; is normal in Fi 
for all i. 
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PGL2 / E such that G{Ey) is a compact group for all v £ T and an isomorphism 
PGL2(C) — > G{Ew), which maps T onto an arithmetic subgroup of the group 
G{E) of i?-points naturahy embedded into G{E^). The corresponding hyperbohc 
3-manifolds S)^ /T fall naturally into two classes, according to whether io^/F is com- 
pact or noi0. 

In the latter case, E/Q is an imaginary quadratic extension, the group G is the 
split form PGL2 /E itself, and the set T is the empty set. The groups in question 
are the subgroups of PGL2(-E) which are commensurable with the group PGL2(C£;) 
where Oe denotes the ring of integers in E. These are the groups already considered 
by L. Bianchi in 1892. 

In the former case, given the algebraic number field E with exactly one complex 
place, we consider an i?-form G of PGL2 /E originating from a quaternion division 
algebra D over E which ramifies at least at all real places v G T. Given an order A 
in D any torsion-free subgroup F in the group SLi(Z3) of elements of reduced norm 
one in D, which is commensurable with SLi(A) gives rise to a compact 3-manifold 

A torsion- free discrete subgroup in SL2(C) projects isomorphically to a torsion- 
free discrete group in PGL2(C). Therefore we shall only consider arithmetically 
defined groups in inner forms of SL2 /E. 

1.3. The main result. We are mainly concerned with arithmetically defined hy- 
perbolic 3-manifolds and corresponding Kleinian groups which originate with orders 
in division quaternion algebras defined over some algebraic number field E. Before 
we state our main result, we give a description of the class of quaternion algebras 
to which the main theorem applies. We suppose that the field E, has exactly one 
complex place and an arbitrary (possibly empty) set T of real places. Moreover, 
we assume that E contains a subfield F such that the degree of the extension E/F 
is two. Then F is a totally real extension field of Q. Let a denote the non-trivial 
element in the cyclic Galois group Gal{E/F) of the extension E/F. 

Let D denote a quaternion division algebra over E such that the finite set of 
places ramified in D contains the set T of real places of E. As a quaternion division 
algebra, D is isomorphic to its opposite algebra, and the class of D in the Brauer 
group Br(ii^) of E is of order two. Thus, the norm NE/piD), a central simple 
algebra of degree 4 over F, has order 1 or 2 viewed as an element in the Brauer 
group Br(F). Recall that the unit element in the Brauer group is the class of F or, 
equivalently, the class of all matrix algebras over F. 

We distinguish the two cases 

(I) The class [Ne/f{D)] has order 1 in Br(F), 
(II) The class [Ne/fId)] has order 2 in Br(F). 

In case (I), the F-algebra Ne/f{D) is isomorphic to the matrix algebra Af4(F), 
that is, it splits. By a result of Albert und Riehni (cf. [9, (3.1)]), Ne/f{D) splits if 
and only if there is an involution of the second kind on D which fixes F elementwise. 
Let T denote this involution of the second kind. By definition of this notion, the 
restriction of r to the center of D is of order 2, hence t^e coincides with a. As Albert 
has proved (cf. [HJ (2.22)]), an involution of the second kind on a quaternion algebra 
has a particular type. There exists a unique quaternion i^-subalgebra Do C D such 
that D — Dq ®f E and r is of the form r = 70 (81 cr where 70 is the canonical 
involution (also called quaternion conjugation) on Dq. The algebra Dq is uniquely 
determined by these conditions. 



'However, this quotient always has finite volume. 
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We will consider the involution Idoo on D ^ Dq ®p E induced by the non- 
trivial Galois automorphism a of the extension E/F. For the sake of simplicity it 
will be denoted by the same letter a. 

In case (II), the i^-algebra Ne/f{D) of degree 4 is (up to isomorphism) of the 
form M2((5), where Q is a quaternion division algebra over F. 

Theorem. Let F he a totally real algebraic number field, and let E be a quadratic 
extension field of F so that E has exactly one complex place. Let T be an arithmetic 
subgroup in the algebraic group SLi(Z?) where D is a quaternion division algebra 
over E which belongs to case (I). Then there are a positive number k > and 
a nested sequence {Ti\i^^i of torsion-free, finite index subgroups Ti <Z T (whose 
intersection is the identity) such that the first Betti number of the compact hyperbolic 
3-manifold /Ti corresponding to Ti satisfies the inequality 

bi{T,)>K[T:T,]^/^ 

for all indices z G N. Further, Ti is normal in Ti for all i G N. 

The proof of this result relies on the following methodological approach: The 
non-trivial Galois automorphism a of the extension E/F induces an orientation- 
reversing involution on the hyperbolic 3-manifold Sj^ /T, whenever T is cr-stable. In 
the case the extension E/F is unramified over 2 one can determine the Lefschetz 
number C(a,T) of the induced homomorphism in the cohomology of ^j^/T where 
r is a suitable congruence subgroup in SLi(£>). In the general case, one gets the 
analogous value as a lower bound for £(cr, T). This bound is given up to sign and 
some power of two as 

7:-"'Cf{2)\ dp |3/2A(i5o) X [Ko : ifo(a)], 

where Cf(2) denotes the value of the zcta-function of F at 2, | d^ | denotes the abso- 
lute value of the discriminant of F, [Ko : Ko{a)] denotes a global index attached to 
the congruence subgroup of level a C Op, and A{Do) = npoGRanv(£'o)(^^'/Q(Po) ~ 
1) depends on the set of finite places of F in which the quaternion division algebra 
Dq ramifies. In turn, this bound can be used to give a lower bound for the first Betti 
number of the hyperbolic 3-manifold in question (see Theorem 15.11 and Corollary 
15. 3p . This result implies that the first Betti number becomes arbitrarily large when 
we vary over the congruence condition since the term [Kq : Ko{a)] is unbounded. 

1.4. Outline. We outline the content of the paper: In Section [21 we give some 
background material pertaining to quaternion algebras D defined over number fields 
and the corresponding algebraic groups SLi(Z?) of reduced norm one elements. 
In this and the subsequent section we work in the general case of an arbitrary 
quadratic extension E/F of a totally real number field F. In Section [3l we first 
outline the approach on which our result is based. The Lefschetz number of the 
orientation-reversing automorphism a of the manifold Sj^ /T is equal to the Euler 
characteristic of the space {^'^ /T^ of points in i^^/F fixed under a. The latter space 
and its connected components, interpreted in the language of adele groups, can be 
described in terms of non-abelian Galois cohomology, following a general approach 
of Rohlfs (cf. 113). The Euler characteristics in question can be calculated via an 
Euler-Poincare measure. We compare this measure with the Tamagawa measure, 
which allows us to determine the Euler characteristic as an infinite product of local 
factors indexed by the finite places of the underlying field. Theorem 13.141 gives 
then the final result for the Lefschetz number attached to cr and a congruence 
subgroup in SLi(£>). Section |3] contains some estimates for ratios of subgroup 
indices which occur by passing from congruence subgroups over F to such over 
E. Finally, in Section [SJ we apply the previous result in the case of arithmetically 
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defined hyperbolic S-manifolds and we obtain the main result as indicated above. 
Some comments on how to obtain a similar result for Bianchi groups can be found 
in Section [6] Moreover, there is an appendix in Section [7] where we stored some 
auxiliary, purely local results pertaining to non-abelian Galois cohomology. 

Notation 

We write Z, Q, R, and C for the ring of integers, the field of rational numbers, 
the field of real numbers, and the field of complex numbers respectively. 

. (1) Let K be an algebraic number field, i.e. a finite extension of the field Q. The 
ring of algebraic integers of K is denoted by Ok- Let V{K) denote the set of places 
of K. The subsets of archimedean (resp. non-archimedean) places will be denoted 
Voo{K) (resp. Vf{K)). Given a place v e V{K) the completion of K with respect 
to V is denoted Ky. For a finite place v G Vf{K) we write Ok.v for the valuation 
ring in Ky. The symbol Ak denotes the ring of adeles of K. We use the notation 
Akj- for the ring finite adeles of K. 

. (2) All group schemes considered are affine and of finite type. Let A: be a com- 
mutative ring and H a group scheme over k. Given any commutative fc-algebra R, 
we write H{R) for the group of i?-rational points of H. 

. (3) We freely use the language of non-abclian Galois cohomology as defined by 
Serre [24l L§5]. Whenever 77 is a group on which the two element group acts by 
an automorphism called cr, we will denote the action by upper left exponents, i.e. 
°'h. Recall that a 1-cocycle for a with values in H is an element h £ H such that 
h'^h = 1. The set of such 1-cocycles will be denoted by Z^{a.H). Two cocycles 
h,g G H are said to be equivalent, if there is some b G H such that b~^h°'b = g. 
The first non-abelian cohomology set H^{cr, H) of cr with values in H is the set of 
equivalence classes for this relation. In general H^{cr, H) is not a group, but it is a 
pointed set where the class of the trivial cocycle 1^ is the distinguished point. 

2. Quaternion algebras and associated algebraic groups 

2.1. Throughout the article F denotes a totally real algebraic number field and 
E/ F a quadratic extension of F. In section [3] we impose no assumptions on E. 
However, in section [5] the field E will be assumed to have precisely one complex 
place. We tried to consistently denote ideals in Oj;- by fraktur letters indexed by 
zero (e.g. ao) whereas ideals in Oe will have no subscript. Moreover, let Dq be a 
quaternion algebra defined over F. Taking the tensor product with E, we obtain 
the quaternion algebra D := Dq (E)f E over E. We fix once and for all a maximal 
Oi^-order Aq in Dq. Further, we obtain an O^-order A := Aq in D. 
Surprisingly, this is in general not a maximal order in D and it is valuable to keep 
that in mind. 

The finite set of places in V{F) ramified in Dq will be denoted by Ram(Z?o). As 
before, we write Ram/(iI'o) (resp. Ramoo(Z)o)) for the finite (resp. infinite) places 
in Ram(Z?o). We write r = | Ramoo(-Do)| for the number of real ramified places and 
s = [F : Q] — r for the number of split places. 

2.2. With the given data several group schemes are associated. We write GLi(Ao) 
for the Op group scheme of units associated with Aq. This means for a commutative 
OiT-algebra R we have GLi(Ao)(i?) := (Aq (^Of R)^ ■ The reduced norm gives a 
morphism of group schemes 



nrd : GLi(Ao) ^ 
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into the multiplicative group defined over Op- The kernel of the reduced norm 
is a smooth Op group scheme denoted by Go ■= SLi(Ao). Note that, taking the 
base change to Oe, we get the group 5'Li(A) = Go >^Of Oe- Finally, we apply the 
(Weil) restriction of scalars and obtain another Op group scheme 

G := ResQ^/Q^{Go y-Op Oe)- 
Moreover, the scheme G is smooth over Op- 

2.3. Let a denote the generator of the Galois group Gal{E / F) . The Galois auto- 
morphism a induces an _F-algebra automorphism Idpto ®cr : D ^ D. For simplicity 
we will denote this morphism again by a. Moreover, a induces an automorphism 
of order two on G. We will still write a for this automorphism. One should notice 
that cr : G —> G is defined over Op. Note that the group G'^ Xq^ F of cr-fixed 
points (over F) is canonically isomorphic to Go ^-Of ^- general the groups G'^ 
and Go are not isomorphic over Op. 

2.4. Define the real Lie group 

Goo := n ^(^") = n Go{E,), 

which we call the Lie group attached to G. Moreover, we fix a cr-stable maximal 
compact subgroup Koo C Goo- Analogously, we define the Lie group Go,oo attached 
to Go. We obtain 

Go,oo = SL2(R)^ X SLl(H)^ 

where s denotes the number of real places of F where Dq splits and r denotes the 
number of real places ramified in Dq. The symbol H denotes Hamilton's division 
quaternion algebra over M. 

Furthermore, we put Kq := YiveVfiF) Go{Op^v), which is an open compact 
subgroup of the locally compact group Go(Afj). Similarly, the group K := 
Y\v(iVf{F) G{Op^v) is open and compact in G{Apj). 

2.5. Congruence subgroups. Let ao C be a non-zero ideal. Let v G Vf{F) 
be a finite place. We obtain an open compact subgroup Kq v{<^o) in Go{Fy) defined 

by 

i^o,.(ao) = ker(Go(OF,.) ^ GoiOp^JaoOp,,)) . 

We also define 

KM = ker(G(OF,.) G(Of,./ooOf,.)) , 

which is an open compact subgroup of G{Fy). Putting this together we obtain the 
groups Ko{ao) = n„ei/^(F) Ko,v{ao) and K{ao) = Yly(,Vf(F) ^viao) which are open 
compact in Go{Apj) and G{Apj) respectively. 

3. Lefschetz number of the Galois automorphism 

3.1. In this section we will assume that the group scheme G has strong approxi- 
mation (cf. [571 Thm. 4.3]). This is the case precisely when there is at least one 
archimedean place v E Voo{E) of E which splits the quaternion algebra D. Clearly, 
this always holds if E has a complex place. 
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3.2. We fix a tr-stable maximal compact subgroup Kqo ^ Goo- The associated 
symmetric space 

oo 

is equipped naturally with an automorphism induced by a. Let F C G{F) be a 
torsion-free arithmetic subgroup. Such a group F acts properly and freely on X 
from the right. The group cohomology iJ*(F, C) is isomorphic to the cohomology 
H*{X/T,C) of the locally symmetric space X/T. 

Assume further that F is cr-stable, then a also induces an automorphism, again 
denoted by cr, of order two on the space X/T. This automorphism induces maps in 
the cohomology (Jq : i/'(X/F,C) H'^{X/r,C) in every degree q. We define the 
Lefschetz number of a as 

CO 

£(a,F) ^(-1)' Tr(a,). 

q=0 

Since torsion- free arithmetic groups are of type (FL), this is a finite sum (of inte- 
gers). 

We will apply a method developed by J. Rohlfs to compute such Lefschetz num- 
bers (cf. [T7], [IB])- The key observation is that the Lefschetz number of a equals 
the Euler characteristic of the space (X/T)'^ of cr-fixed points. Further, Rohlfs 
gave a precise description of the set of fixed points in terms of non-abelian Galois 
cohomology. We describe this fixed point decomposition in the adelic setting (as 
introduced in |20)). 

3.3. Let ao C Op be a non-trivial proper ideal. We define the (principal) congru- 
ence subgroup of level ao in G as 

F(ao) :=ker(G(OF) ^ GiOp/ao)). 

Similarly, we define Fo(ao) := ker(G'o(C'_F) — Go{OF/ao)) ■ We shaU always assume 
that tto was chosen sufficiently small such that these groups are torsion- free. This 
is the case, for instance, if Oo n Z is not a prime ideal of Z. One should also notice 
that F(ao) = G(F) n K{ao) and Fo(oo) = Go(F) n Ka{aa). We define 5(oo) to be 
the double quotient space 

5(ao) KooK{ao)\G{AF)/G{F). 

Using strong approximation we obtain a canonical homeomorphism 

X/F(oo) ^ 5(ao). 

Note that G{F) acts freely on the quotient space KooK{ao)\G{Ap) precisely when 
F(oo) is torsion-free. 

3.4. Decomposition of the fixed point space. We study the set S'(ao)'^ of cr- 
fixed points in the locally symmetric space 5(oo) with the method of Rohlfs (see 
[20p. Suppose we are given an element a € G{Af) representing a cr-fixed double 
coset in S{ao). This means there are k e KooK{ao) and 7 G G{F) such that 

(1) '"a = k-'^aj. 

The elements k and 7 are uniquely determined by a since G{F) acts freely on 
KooK{ao)\G{Ap). Moreover, from '^'^a = a one deduces the identities k'^k = 1 
and 7*^7 = 1. In other words, k (resp. 7) defines a 1-cocycle in Z^{a, KooK{ao)) 
(resp. Z^{a,G{F))). If one replaces a by another representative a' it is easily 
seen that the resulting cocycles are equivalent. Consequently, a cr-fixed point in 
S'(ao) determines uniquely two cohomology classes: one in H^{(t, KooK{ao)) and 
one in H^{a,G{F)). Moreover, equation ([T|) implies that these classes coincide. 
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when they are mapped to H^(a,G{Ap)) via the canonical maps induced by the 
respective embeddings. We define 

n\ao):^ H\a,K^K{ao)) x H\c7,G{F)) 

as the fibred product of these two cohomology sets. One can show that this is in 
general a finite set. To see this, one defines a surjective map a : H^{(j,T{ao)) — 
H^(ao) and uses that the first set is finite due to a result of Borcl and Scrre (cf. 
Prop. 3.8 in [2]). However, we will determine the set H^(ao) explicitly in l3.6[ thus 
we will not need this kind of general result. Summing up, we found a surjective 
map 

Moreover, if we give the discrete topology on the finite set H^(ao), then this map is 
continuous. This means its fibres arc open and closed in S{ao)'^ . Hence the result 
is a topologically disjoint decomposition of the fixed point set 

(2) S{aor = U 

3.5. Structure of fixed point components. Rohlfs also gave a description of 
the fibres occuring in ([2]) (cf. [2^). To describe them we need some more notation. 
Let 7 € Z^{a,G{F)) be a cocycle. By twisting cr with 7 we obtain another auto- 
morphism a\j on G Xqj^ F defined by a\j :— int(7) o a. Here int(7) denotes the 
inner automorphism defined by 7. The group of a\"f fixed points is algebraic over F 
and we denote it by 6(7). Clearly, if 7 € Z^{(t, G{Of)), the twisted automorphism 
is defined over Op and so is G{j). Note that G{1) — G"^. 

Moreover, if A: S Z^{a, KooK{<^a)) is a cocycle we can again twist the action of a 
on KooK{ao). The twisted action will be denoted a\k and its group of fixed points 
is written {KooK{ao)){k). 

Finally, we are able to describe the fibres of i?. Let 77 € H^{ao) be a class 
and choose representing cocycles k S Z^{a, KoaK{ao)), 7 € Z^{a,G{F)) and some 
a E G{Ap) such that ([1]) holds. In this case there is a homeomorphism 

d-\7j) ^ a-\K^K(ao)){k)a\G{j)(AF)/G{-/){F) 

(cf. [201 3.5]). 

3.6. Determining H^. The description of the set of cr-fixed points followed a 
general pattern. In this subsection we start using specific properties of the involved 
groups. Our first goal is to determine the set H^(ao) for a given ideal Oo C Op- We 
moved some of the purely local results we need to the appended Section [3 since 
these results have a more technical flavour. 

Let R be any commutative Oir-algebra. Whenever we write H^{a, G{R)) = {1} 
we mean that consists of the trivial class only. Moreover, the element — 1 e G{R) 
is always a cocycle for a. We write H^{a, G{R)) = {±1} to express that consists 
of precisely two classes: the trivial class and a class represented by the cocycle —1. 

Lemma 3.1. Let v £ Vf{F) be a finite place, then H^{(t,G{Fv)) = {!}. 

Proof. Note that we have G{Fy) — GoiFy (E}Of We distinguish two cases with 
respect to the splitting behaviour of u in i?. 

First case: If v splits in E, then G{Fy) = Go{Fy) x Go{Fy), and a acts by 
swapping the two components. Recall the following Lemma: Let H be any group 
and denote the automorphism swapping the two components in H x H hy a, then 
H^{a,H X H) — {1}. To see this, one realizes that a cocycle in 7J x 77 is a 
pair {x,x^^) with x £ H arbitrary. However, {x,x~^) — (1, a;)^^(a;, 1) is a trivial 
cocycle. 
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Second case: If v is not split, there is precisely one place w S Vf{E) lying over 
V and 

GiF,) ^ GoiE^) = SLi(D (8)E E^). 
In this case a acts by the nontrivial Galois automorphism of E^/ and the claim 
follows from Hilbert's Theorem 90 (cf. Corollary (29.4) in p.393]). □ 

Lemma 3.2. Let v e Voo{F) be an infinite place of F. If v Cz Ramoo(-Do) and 
there is a complex w G Voc{E) of E over v, then H^{a,G{Fy)) — {±1}. In all 
other cases H^{a,G{Fy)) = {!}. 

Proof. Suppose there are two real places of E over v. Then, as in 13.11 we have 
an isomorphism G{Fy) = Go{Fy) x Go{Fy) where a acts by swapping the two 
components and the claim follows directly. 

Suppose now that there is a complex place w £ Voo{E) lying over v. By (29.2) in 
[HI p. 392] we have H^{a, GLi(Do (^p E^)) — {1} and we get a short exact sequence 

1 G{Fy) GLi{Da ®f E^) ^ ^ 1. 
Consider the induced long exact sequence of pointed sets (cf. (28.3) in 9 ) 

1 Go{Fy) GU{Do ®F Fy) ^ ^ H\a, G{Fy)) {!}. 

If Dq ®f Fy is split, then the reduced norm is surjective and the claim follows. 
Otherwise, suppose v £ Ramoo(£'o) then the image of the reduced norm only 
consists of the positive real numbers and consequently H^{a,G{Fy)) consists of 
two elements. It is easy to check that 1 and —1 are not equivalent. □ 

For an infinite place v e V^oo(^') we denote the embedding F Fyhy Ly. We say 
that an element oi F^ is Do-positive, if for all v £ Ramoo(i?o) we have i,y{x) > in 
Fy ~ R. The multiplicative subgroup of F^ consisting of Do-positive elements is 
denoted F^^^. Similarly for E: an element x G E^ is called Z?-positive, if iw{x) > 
for all w G Ramoo(-D). We write E^ for the group of _D-positive elements. 

Let c denote the number of places v € Ramoo(i?o) which are divided by a complex 
place of E. There is an isomorphism {E^ n F)/F^^^ = (Z/2Z)^ 

Lemma 3.3. There is a bijection between II^{a,G{F)) and {E^ n F)/F^^. 

Proof As before, we have H^{(t, GLi{D)) = {1} (cf. (29.2) in 9 ). By the theorem 
of Hasse-Schilling-Maass on norms (see Thm. 4.1 p. 80 in [27j for quaternion algebras 
or (33.15) in |16j for central simple algebras) the image of the reduced norm map 
nrd : GLi(D) -J> E"^ is exactly E^. Similarly, we have nrd(GLi(i:)o)) = F^^. Now, 
consider the exact sequence 

1 G{F) — ^ GLi(D) ^E^^l. 
As in the proof of Lemma 13.21 there is a long exact sequence 

1 Go{F) GLi(Z?o) ^E-^nF^ H\a, G{F)) {1}. 

□ 

Corollary 3.4. The canonical map H^{a,G{F)) — )• H^(cr,Goo) is bijective. 

Remark 3.5. The canonical map H^{a, Koo) — II^{a,Goo) is a bijection. This 
follows in general for connected semi-simple groups by an argument of Rohlfs using 
the Cartan decomposition. The reader may consult, for example. Lemma 1.4 in 

m- 

Lemma 3.6. Let v G Vf{F) be a finite place. If v is unramified in E, then 
H^{a,G{OF.v)) — {!}• If V ramifies in E and lies over an odd prime number, 
then H^a,G{OF,v)) = {±1}- 
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Proof. Let po be the prime ideal corresponding to v. In the case where po is spht 
in E, the claim follows as in Lemma [3TT] since G{Of,v) — Go{Of,v) x Gq{Of,v)- 
The other cases are treated in Corollary [7j2] and Lemma 17^ in the appendix. □ 

Corollary 3.7. The canonical map H^{a,G{F)) H^{a,G{Ap)) is bijective. In 
particular, the projection ■H^(ao) — > H^{a, KocKiao)) is a bijection for every non- 
trivial proper ideal Uq Q Op ■ 

Proof Notice that H^{a,G{AF)) = H^{(j,Goo) x H^{a,G{AFj)). It follows from 
Lemma [3.11 and Lemma [3.61 that H^{a,G{AFj)) = {!}. Thus the result follows 
from Corollary [231 □ 

Let S be the set of finite places v G Vf (F) which divide 2 and which are ramified 
in E. This is the set of places where determining the local is difficult (see also 
Remark [7^ . We define A'(oo,2) :— Hdss -^'"('^o)- Moreover, let R be the set of 
finite places v G Vf{F) which are ramified in E but which do not divide 2. Given 
an ideal ao C Op, we define p{ao) :— \{ v & R \ v does not divide ao }|. As above, 
let c be the number of places v G Ramoo(-Do) which are divided by a complex place 
of E. We get the following corollary. 

Corollary 3.8. For every non-trivial proper ideal Uq Q Op the set 'H^(oo) consists 
of 

elements. 

Proof. The assertion follows from the bijection ■H^(ao) H^{a, KooKiao)) to- 
gether with Remark [23] and the local results Lemma [73] and Lemma 17.51 which can 
be found in the appendix. □ 

3.7. Euler Characteristic of Fixed Point Components. In this section we 
compute the Euler characteristic of the fixed point components ?9^^(ry) defined in 
13.41 Let ao C Op be a non-trivial ideal. We choose a class rj e H^(ao) and a 
representative (^,7) £ Z^{a, KooK{ao)) x Z^{a,G{F)) together with a e G{Af) 
which satisfies '^a = k^^aj. Since we still assume G to have strong approximation, 
we can achieve that a G Goo and 7 G r(ao) (changing the chosen representative). 
Then the group G{-y) of fixed points of the 7-twisted action is a group scheme 
defined over Op. 

Remark 3.9. For any 7 e Z^{a,G{F)) the fixed point group 6(7) and Go are 
isomorphic over F. 

This can be seen as follows: By Hilbert's Theorem 90 we have H^{a, GLi(I?)) = 
{1}. Moreover, the canonical map int* : H^{a,G{F)) H^{a,Antp{G)) factors 
through H^{a,GLi{D)) and thus is trivial. We deduce the existence of an auto- 
morphism ip : G F ~>' G F such that 

int(7) = ^p^'^ o a o tp o . 

In other words, ip is an isomorphism of G over F such that ip o = a o ip. Recall 
that Go = G" over F. 

We deduce that the fixed point components ^'^{ri) are all associated to the same 
group over F (cf. 13. 5p . An important consequence is that the sign of the Euler 
characteristic x{''^~^ iv)) is the same for all the components. This can be seen as 
follows. First note that Harder's Gaufi-Bonnet theorem (see [7]) implies that we 
may use the Euler-Poincare measure (in the sense of Serre) to compute the Euler 
characteristic. Further, the sign of the Eulcr-Poincare measure only depends on the 
structure of the associated real Lie group (see Prop. 23 in [26]). 
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Theorem 3.10. Let Uq Q Op be a proper ideal (such that r(ao) is torsion-free) and 
let A'o,oo be any maximal compact subgroup o/Go.oo- Then the Euler characteristic 
of the double coset space KQ^ooKa{i^o)\Go{Ap) /Go{F) can be computed using the 
following formulas 

x{Ko,ooKo{ao)\Go{Ap)/Go{F)) 

= {-l/2yCF{-l)[K,:Ko{ao)] [] (Nf/Q(Po) - 1) 

PoeRam/(r>o) 

= (-2)^(47r2)-[^^«Ci.(2)| dp |3/2[i^o : Ko{ao)] [] (Nf/q(Po) - 1). 

po6Ram/(_Do) 

Here r denotes the number of real places of F ramified in Dq and s denotes the 
number real places where Dq splits. Moreover, denotes the zeta function of the 
number field F , dp denotes the discriminant of F and N^/q(Po) '■— \Op/Pq\ denotes 
the ideal norm. 

Proof. Since F is totally real, the functional equation of the zeta function implies 

So, the first equality is an immediate consequence of the second. 
For simplicity we write 

5'o(ao) := i^o,oci^o(ao)\Go(Aj.)/Go(^^). 

We will distinguish whether Gq has strong approximation or not. This is not 
absolutely necessary, but it stresses the difference of these two cases. 

If Go has strong approximation, then Go,oo is not compact and 5*0(110) is homeo- 
morphic to the locally symmetric space Xo/ro(ao), where Xq := i^^o,oo\Go,oo- The 
Euler- Poincare measure vol;^ (in the sense of Serre cf. [55]) on Go, 00 is given by 

vo1x = (-2)^(4^2)-[F:Q]^q1^^ 

where voIt denotes the Tamagawa measure on Go, 00 as defined in p. 54] or 
[HI p. 242]. Using strong approximation and the assumption that r(ao) (and hence 
To (do)) is torsion- free, we find 

x(5o(ao)) - x(ro(oo)) - volx(Go,oo/ro(ao)) 

= (-2)^(47r2)-[^^Ql volT(ifo(ao)\Go(Aj.)/Go(^^)) 

= (-2)^(47r2)-[^^«volT(ifo(oo))~^ 

= (-2)^(47r2)-[^^«[ifo : i^o(ao)] volT(ifo)^^ 

Here we used that the Tamagawa number volT(Go(Ai?)/Go(F)) is one (cf. JZi 2.3, 
p. 71] or [HI, Thm. 7.6.3]). It is known that 

volT(i^o)"' - Cf(2)| dp H (Np^QiPa) - 1), 

PoeRamj>(_Do) 

the reader may consult Vigneras' book [27j p. 55]. 

Assume now, that Go, 00 is compact, i.e. r — [F : Q]. In this case Go(Ai?) is a 
finite union 

m 

Go(A;^) = □ Go^ooKo{ao)x,Go{F) 

for some xi, . . . , Xm G Go{Ap). Note, that the assumption that r(oo) is torsion-free 
implies that Go,oc-ft^o(ao) acts freely on Go{A.p)/Go{F). Further, 6*0(00) consists 
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precisely of m points, so x(5'o(cio)) = a-nd we only have to compute this number. 
As before, 

m = volT(S'o(ao)) = vo1t(G'o,oo)"^ volT(i4ro(oo))"^ 

= {iTT^)-^[Ko : Ko{ao)]vo\T(Kor\ 

hence the claim follows. □ 

Corollary 3.11. Let Kf C Ga{Kpj) he an open compact subgroup, which has 
the same invariant volume as Kq^Uq), this means vo1t(J^/) — volT(-ftro(cio))- 
moreover, Ko^^oKf acts freely on Gq{Af)/Go{F), then the formulas of Theorem 
\3.10\ also hold for the Euler characteristic 

x{Ko,ooKf\GoiAF)/Go{F)). 

Proof. The only two important assumptions on XqIoo) that we used in the proof 
of Thcorcm l3.10l is that Ko ooKo{ao) acts freely on Go{Ap) / Go{F) and the formula 
for the volume of KqIoq) with respect to the Tamagawa measure. □ 

3.8. The Lefschetz number. In this section we finally compute the Lefschetz 
number £((T, r(oo)) of a on the locally symmetric space X/r(ao) = S{aa). Recall 
the following theorem 

Theorem 3.12. //r(oo) is torsion-free, then 

Cia,r{ao))=x{S{aor)- 

This kind of Lefschetz fixed point principle has been observed by many people. 
In the context of arithmetic groups this theorem is due to Rohlfs (see, for instance, 
[T51 Prop. 1.9]). The theorem can be proven either by adapting the proof of 1.9 in 
[T5] or by an application of Cor. 7.15 in [B . 

Definition 3.13. We say that the extension E/F of number fields is unramified 
over 2, if for every pair of finite places v S Vf{F), w G Vf{E) with w\v and v\2 the 
extension E^/Fy is unramified. 

To shorten the notation we define A{Do) npoeRam^(Do) (]^f/q(Po) - 1) and 
we write d ^ [F : Q]. 

Theorem 3.14. Suppose that G has strong approximation. Let ao C Op be a 
non-trivial ideal such that r(ao) is torsion-free. The sign of the Lefschetz number 
£((T, r(ao)) is (—1)* where s is the number of real places of F which split Dq. 
Moreover, the Lefschetz number can be bounded from below by 

|£(a,r(ao))| > 2-+P^-«^—'7:-'''CFi2)\dF\^^'A{Do)[Ko : i^o(ao)]. 
If E/F is unramified over 2, there is the exact formula 

C{a,r{ao)) = (-l)^2^+''("«)-'^-'^^-2<i^^(2)|dj.|3/2A(Do)[ifo : i^o(ao)]. 
The numbers c and p{ao) are defined as in Corollarv \3.8[ 

Proof. The Euler characteristic is additive for topologically disjoint unions, so 
£(a,r(ao))= Xi^-'m- 

As pointed out in Remark 13.91 the sign of the Euler characteristic x(^^^('/)) is 
the same for all the components ??~^(r/) . Thus, to obtain an estimate for the 
Lefschetz number, it suffices to calculate x(^~^('?)) for all rj in some chosen subset 
T C H^(ao). Let q : H^(ao) — > H^{a, K{ao,2)) denote the canonical map (the 
definition of K{ao, 2) can be found in the paragraph preceding Corollarv l3.8p . Define 

T:^{ijen\ao)\q{v) = l}. 
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From the definition of K{aa,2) it is clear that T = 'H^(ao) if E/F is unraniified 
over 2. Let rj ^ T and choose a representative {kook,j) G KacK{ao) x G{F) 
with a G G{Ap) satisfying "^a — k^k~^aj. Using strong approximation, we can 
choose 7, k and a such that 7 G G{F) n if(oo) = r(oo), k g -Rr(ao) and a e Goo- 
Then G(7) is defined over Op- Again Hilbert 90 yields an element b £ GLi{D) 
such that 7 = b^^ "b. The conjugation int(6) with b defines an .F-isomorphism 
G(7) F Gq F. Define Kf := mt{b){K(ao){k)) which is open compact 
in Go{Afj) and define Kg ^ := mt{b){a^^ Kooikca)^) which is maximal compact 
in Go,oo- Furthermore, int(6) induces a homcomorphism 

^ K',^^Kf\GoiAF)/GoiF). 

Note, that Kq ^Kf acts freely on Go{Ap) / Go{F) due to the assumption that r(ao) 
is torsion-free. Eventually, we have to check that Kf has the same invariant volume 
as Ko{ao) to use Corollarv l3.11l 

How to compare these two volumes? Let v be any finite place of F. By the 
choice of T and the local results and 17751 we find S G{Of.v) such that 
7 = ±z~^ "^z^. Therefore, conjugation with Zy yields an isomorphism of topological 
groups int(zt,) : G(7)(-P„) Go(F„) mapping Ky{ao){j) to Ko^y{ao). We compose 
this isomorphism with int(fe^^) obtained before and get 

int(z„&-i) : GoiFy) Go(F,). 

One can verify that this automorphism is unimodular, using that it is the conjuga- 
tion by some element in the larger group GLi(_Do ^ Fy). □ 



4. Estimates 

4.1. Let Oq C be a non-trivial ideal. The purpose of this section is to provide 
simple estimates for the ratio [Kq : Ko{aQ)]/ y^[K : A'(ao)]. 

Using the smoothness of the scheme Go we see that 

[i^o : Koiao)] = Y[ |Go(Of,„/aoOi..„)|, 

■u|ao 

and similarly smoothness of G yields 

[K : K{ao)] ^ l[\G{OF,v/aoOF,v)l 

v\ao 

We compare the terms \Go{Of.v/cioOf.v)\ and \G{Of,v/<^oOf,v)\, but we will have 
to consider different cases according to the splitting behaviour. We choose some 
prime ideal po dividing ao and take e to be maximal with the property p3|ao. The 
finite place of F corresponding to po will be denoted v. Define 

, , \Go{OF,v/aQOF.v)\ 
Uiv.ao) ~ — =. 

^\G{OF,v/a„OF,v)\ 
Moreover, we write N(po) — \Of/Po\ for the norm of the prime ideal. 

4.2. Case: po splits in E. Suppose that po splits in E, then PqOe = where 
*P and £} are distinct prime ideals in O^;. In this case 

G{OF,v/aoOF,v) = G{Of/p'o) = GoiOE/^'Q') = Go(Of/Po) x Go(Of/pO). 
Consequently, |G(0_F^t,/ao)| = |Go(C'_F,t,/ooC'F,'u)P and hence Q{v,ao) — 1. 
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4.3. Case: po is inert in E. Suppose that po is inert in tliis means PqOe — ^ 
is a prime ideal in O^;. In this case the local extension is unramified. According to 
Lemma FTOl we get 

Q{v, ao)2 - (1 - N(po)-2)(l + N(po)-2)-i 
if Dq splits at po- Whereas, 

Q{v, aof - (1 + N(po)-i)(l - N(po)-i)-i 
if Dq ramifies in v. Notice that in the latter case Q{v,ao) > 1. 

4.4. Case: po is ramified in E. Assume that po is ramified in E. In this case 
PqOe = for some prime ideal *p C Oe- The local extension is ramified and we 
obtain 

J 1 - N(po)"^ if Do splits at v 
1 1 + N(po)"^ if Dq ramified at v. 
Notice that v e Ram/ (Do) implies Q{v,ao) > 1. 



Qiv,ao) 



4.5. Results. One can use these three cases to derive a formula for the quotient 
[Kq : Ko{ao)]/ \J\K : iir(ao)]. However, this will not be important for our purposes. 
We content ourselves with the following corollary. 

Corollary 4.1. Let Oo C Oi? he a non-trivial ideal, then 

^[K : K{ao)] ' 

Suppose that all prime ideals dividing ao are either split in E or are ramified in Dq, 
then 

[Kq : /fo(ao)] ^ ^ 
^[K : K{ao)] " 

Proof. The second assertion follows directly from what we have seen before. To 
prove the first, we start with an estimation replacing all terms that are at least one 
by terms which are smaller than one. One obtains 

12 



i;|oo 



> n (l-N(po)-2)(l + N(po)-^)-i n (l-N(Po)-') 

po|cio Po\ao 
Po inert po ramified 

>Cf(2)-i -q (i + n(Po)-^)-i 

Po I ao 
Po inert 

Po 

5. Application to Hyperbolic 3-Manifolds 

5.1. Assumptions. For this section we fix the following assumptions. As before 
F is a totally real number field, and we define d = [F : Q]. Choose once and 
for all a real place vq of F. Let E/F be a quadratic extension such that E has 
precisely one complex place wq, further assume wo\vo- Moreover, let Do be an F 
quaternion division algebra such that Voo{F) \ {vq} C Ramoo(Do). This means Do 
is ramified in every real place of F except possibly vq. Then D := Dq E satisfies 
Ramoo(D) — Voo{E) \ {wq}- We will assume that D is a division algebra. This 
assumption is implied by the previous assumptions if d = [i^ : Q] is at least two. 
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The number s of real places of F that split Dq is s = if uq G Ranioo(i?o) and 
otherwise s — 1. As always r ^ d — s and therefore the number c of places in 
Ramoc(£'o) that are divided by a complex place in E is exactly c = 1 — s. 

5.2. The real Lie group Goo is isomorphic to 

Goo = SL2(C) X SLi(H)2('*-i). 

The group scheme G has strong approximation, since the group Goo is not compact. 
Given a non-trivial ideal ao C Op, the group r(ao) embeds discretely into Goo- The 
assumption that I? is a division algebra implies that r(oo) is cocompact in Goo (cf. 
Thm. 8.2.3 in [Tl] or more general pQ Thm. 8.4] ). Moreover, the projection 
Goo SL2(C) is proper and open, thus r(ao) projects isomorphically to a discrete 
cocompact subgroup of SL2(C). Fix a maximal compact and cr-stable subgroup 
i^oo Q Goo. The symmetric space X :— Koa\Goo is isomorphic to hyperbolic three 
space ^3'^. Suppose that r(oo) is torsion-free, then r(ao) is a cocompact Kleinian 
group and X/r{ao) = i3'^/r(ao) is a compact orientable hyperbolic manifold. 

5.3. A general remark. Let M be a closed connected smooth oriented manifold, 
say of odd dimension dim(Af ) = n ~ 2m + 1. Let t : M — M be a smooth 
automorphism of M of such that = Mm ■ We consider the de Rham cohomology 
of M with complex coefficients and the non-degenerate Poincare pairing 

(•,•): W{M,C) X i/"-^(Af,C) ^ C 

for < j < n. Let Tj : H^{M,C) — )■ H^{M,C) denote the induced automorphism 
in the cohomology in degree j. For classes a G H^{M,C) and /? S 7J"~^ (M, C) 
we have {Tj{a),T„~j{P)) = e{a,/3), with e = 1 if r is orientation preserving and 
e = — 1 otherwise. Let H^{M,C) = Hi H-'_^ be the eigenspace decomposition 
with respect to Tj. 

If r preserves orientation, then Hi _L i/"^"* and H-'_^ _L iJ"^-* for all < j < 
n. Consequently, dim(iJ;^) = dim(_ff" "') and dim(iJ:'_j^) — dim(iJ"]^-'). Under 
the assumption that dini(Af) — n is odd, this implies that the Lefschetz number 
£(r, M) vanishes. In particular, we deduce: £(t. A/) ^ implies that r is not 
orientation preserving. 

Assume now that r changes the orientation. In this case Hi _L H^^-' and 
Hi-^ _L and therefore dim(7?f') = dim{H"^^) and dim{Hi^) ^ dim(iJ""^'). 

Consequently, the following formula gives the Lefschetz number of r 

rn 

C{t,M) = 2^(-l)^(dim(ff^) -dim(i7^i)), 

where m = (dim(A/) — l)/2. Specializing to the case dim(A'/) = 3 we obtain 

(3) £(t, a/) = 2 - 2 dim(i7j^) + 2 dim(i/li). 

5.4. A lower bound for the first Betti number. We go back to the setting 
introduced in l5.ll Let Oq C Op be a non-trivial ideal such that r(ao) is torsion-free. 
Recall that we defined 

p(ao) |{ po C Op I po prime ideal ramified in E and po | 2ao }|. 

Theorem [XH yields 

(4) |/:(a,55Vr(ao))| > 2i+''("") (2^)-2'^Ci=^(2)| dp \'/'AiDo)[Ko : i^o(ao)]. 

Moreover, the Lefschetz number £((t, i3^/r(ao)) is negative if s = 1 and positive 
otherwise. Clearly, the Lefschetz number is not zero and we deduce that a changes 
the orientation on i5^/r(oo). We use this to estimate the size of the first Betti 
number. 
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Theorem 5.1. In the notation introduced above 

dim(/fi(r(ao),C)) > 2''(««)(27r)-2^CF(2)| p/2Apo)[ifo : i^o(ao)] + (-1)^+^ 

Proof. It follows from equation Q that 

(-l)''(l/2)|/:(a,r(ao))| - 1 = dim(i/li) - dim(i7i) 

Multiply with (—1)" (the sign of the Lefschetz number), plug in the right hand side 
of (|H) and the claim follows. □ 

Remark 5.2. Theorem IS . ll implies directly that the first Betti number may become 
arbitrarily large as Oq varies, since the term [Kq : it'o(ao)] is unbounded. Moreover, 
only the term [Kq : Ko{ao)] is responsible for the order of growth, since 2^^'^°^ is 
bounded by some number depending on the extension E/F. 

Let r(l) :— G{Of) — SLi(A) be the norm one group of the order A. For every 
non-trivial ideal Oq C Of, the index [r(l) : r(oo)] satisfies 

[r(l):r(ao)] = [if:X(ao)]. 

This can be checked exploiting strong approximation of the group G. 

Corollary 5.3. For every non-trivial ideal Qq C Op such that r(ao) is torsion-free 
the following holds 

dim(i/i(r(ao), C)) + (-1)^ > 2''(°°)(2^)-2'i| dp \^/^ /^{Da)[T{l) : T{ao)]'^'. 
In particular, there is a positive real number k{F, Dq) such that 
dim{H\T{ao),C)) > ^{F,Do)[T{l) : r{ao)]^/^ 
for every ideal Oq with sufficiently large index [T(l) : T(ao)]. 

Proof. The first statement follows readily from Theorem 15.11 together with the es- 
timate in Corollary 133] The second statement is obvious if s = 1, in this case we 
may take k{F,Dq) = (27r)-2'*|dF \^^'^/^{Dq). Note, that for s = 1 the result holds 
for all Oq. If s = 0, then we have to take the index [r(l) : r(ao)] so large that 
(2^)-2'i| dF p/2A(Z?o) > [r(l) : r(ao)]-i/2. □ 

5.5. Towards arbitrary groups. From the previous Corollary we readily deduce 
the following weaker result, which in turn will imply the main theorem. 

Corollary 5.4. There is a decreasing sequence Ti Z) T2 Z) T^i Z) . . . of normal 
torsion-free subgroups of finite index in T{1) and a positive real number k > such 
that p|,- Ti = {1} and 

dimi/i(r„c) > K[r(i) : r,]i/2 

for all i. 

Proof. Take any decreasing sequence ai D 02 D 03 D . . . of ideals in Of satisfying 
the assumptions of Corollarv 15.31 and Ui = {0}. Finally, define F,; = T{ai). □ 

Main Theorem. Let F be a totally real algebraic number field and let E be a 
quadratic extension field having precisely one complex place. Let D be a quaternion 
division algebra over E which is ramified in all real places of E. Assume that D is 
of the form D = Dq ®f E for some quaternion algebra Dq over F. 

Let F C SLi(Z?) be an arithmetic group. There is a positive real number k > 
and a decreasing nested sequence {Fj}^]^ of torsion-free subgroups of finite index 
in F satisfying Fj — {1} such that 

dimH\T,,C) > K[r : FiJ^/^ 
for all i. Further, for every i the group Ti is normal in Fi. 
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Proof. According to Corollary 15.41 there is a real number k' > and a decreasing 
sequence F'j^ D D . . . of torsion-free, finite index subgroups in r(l) satisfying 
the claimed properties with respect to r(l). 

Define Ti := mF-. These are finite index subgroups in T due to the assumption 
that r is arithmetic. Clearly the Fj intersect trivially. Since F^ also has finite index 
in F^, we see dimiJi(r„C) > dimFi(Fj,C). Define £ [F : F n F(f)]. Further, 
the index satisfies 

[F : F,] = [F : F n F(f )] [F n F(f ) : F,] < 4F(f ) : F^]. 

Finally, we conclude 

dimff\F,,C) > dimiji(F^,C) > K'[F(f) : F'J^/^ > kT^/'^IT : T,]^/^. 

Since, F^ is normal in T'l for all i, we see that F^ is normal in Fi. However, the 
groups Ti need not be normal in F. □ 

6. The case of Bianchi groups 

6.f . In this section we make some comments on the classical case of Bianchi groups, 
which are non-cocompact arithmetically defined subgroups of SL2(C). Let F ~ Q 
be the field of rational numbers and let E be an imaginary quadratic number field. 
Moreover, let a C O^; be a non-trivial ideal and define the principal congruence 
subgroup F(a) := ker(SL2(C'£;) -> SL2(C'_E/a)) of level a. We also use the notation 
F(l) :=SL2(Oi=;). 

6.2. It is easy to obtain a result for Bianchi groups which is similar to the main 
theorem but with higher order of growth. Note that 

[F(l) : F(a)] = | SL2(Oi,/a)| = N(a)3 Y[{1 - N(p)-2), 

where N(a) = |C'_E/fl|- Assume that F(a) is torsion-free and let ha denote the 
number of cusps of F(a). One can show that this number is given by 

/^a = /»B|MBr'N(a)-i[F(l) :F(a)], 

where hs is the ideal class number of E and the (finite) group of units of Oe ■ 
The group r(a) acts freely and properly on hyperbolic three space 

jo3c^SU(2)\SL2(C) 

and we obtain a non-compact hyperbolic manifold 9]'^ /T{a). It follows from reduc- 
tion theory that there is a compact manifold with boundary M C i3^/F(a) such 
that the embedding M Sj'^/T{a) is a homotopy equivalence (cf. [U 17.10]). The 
boundary dM of M is a topologically disjoint union of ha two-dimensional tori. A 
general topological argument implies that the image of the restriction map 

: H\M,C) — > H\dMX) 

is a maximal isotropic subspace of {DM, C) with respect to the non-degenerate 
Poincare pairing (see Lemme 11 in f55' or use the argument of the proof of VIII, 
9.6 in [5]). We conclude that 

dinii7i(F(a),C) > dini(Im(ri)) = ^dimH^{dM,C) = ha- 
Summing up, it is easy to prove that 

(5) dimi/i(F(o),C) > hE\tiE\-\Ei2r'^'[ril) : F(q)]2/3. 

Using the argument in the proof of the main theorem, one can obtain a similar 
result for arbitrary arithmetic groups in SL2(-B). 



18 



S. KIONKE AND J. SCHWERMER 



Theorem 6.1. Let E be an imaginary quadratic number field and let T C SL2(i?) 
be an arithmetic group. There are a positive real number k > and a decreasing 
sequence (with trivial intersection) of torsion-free, finite index subgroups 

in r such that 

dimi?i(r„C) > n[T : Ti\'^/^ 
for all i > 1. Moreover, the group Ti is normal in Ti for every index i. 

Remark 6.2. Using the upper bounds of Calegari and Emerton [3 it follows that 
this is (in some cases) the correct asymptotic order of magnitude. Let p be a prime 
number which splits in E and let p C O^; be a prime ideal of Ob dividing p. In 
this case Theorem 3.4 of Calegari and Emerton [3] yields 

dimi7i(r(p'=),C) =0(p2fc) 

as k tends to infinity. As we have seen [r(l) : r(p'')] = p^'^{l — and together 

with ([5]) it follows that 

dimHi(r(p^),c) X [r(i) : r(p'=)]2/3, 

that is, both terms have the same order of magnitude as k goes to infinity. 

6.3. The Lefschetz number. Recall that the Lefschetz number formula obtained 
in Theorem 13.141 was independent of the assumptions made later on in Section [5l 
In particular, we may use it for Bianchi groups. 

Let d be a squarefree integer and let E :— Q{\/d). Notice that we even do 
not assume that d is negative in this paragraph. However, we assume that the 
extension E/Q is unramified over 2, this is the case precisely if d = 1 mod 4. Let 
TO > 3 be an integer and define the ideal o = toOb- There is one split real place 
of Dq — Af2(Q), i.e. s = 1. Moreover, there are no real ramified places of Dq, 
hence c — 0. Finally, we see that p{m) = \{p prime number | p\d and p \ m}\. We 
define the congruence subgroup r(TO) :— r(a) in SL2(0£;). We obtain the following 
Corollary to Theorem l3.14l 

Corollary 6.3. Let E — Q(Vd) be a quadratic number field for some squarefree 
integer d = I mod 4. Let a be the non-trivial Galois automorphism of E/Q and 
let m > 3 be an integer. Then 

/:(.,r(TO)) = -^^n(i-^ ) 

p\m 

is the Lefschetz number of a in the cohomology of the principal congruence subgroup 
Tim) c SUIOe). 

Proof This follows from Theorem [XTil using C(2) = 7r^ /6. □ 

The Lefschetz number of the Galois automorphism acting on the full group 
PSL2(0£;) has been calculated by Rohlfs [TO]. A formula for the Lefschetz number 
of a on congruence subgroups in SL2(0£;) (without restrictions on d) has recently 
been announced by Sengiin and Tiirkelli. 

7. Appendix: Local calculations 

7.1. In this appendix we gather those results for the non-abelian Galois cohomol- 
ogy sets which can be stated locally. In this section F denotes a finite extension 
of some p-adic field Qp where p is a prime number. We write Oq for the valuation 
ring of F and we choose a uniformizer ttq G Oq which generates the prime ideal 
(ttq) = Po C Oq. The residue class field Oo/po will be denoted fco. Moreover, let 
E/F be a quadratic extension. The valuation ring of E will be denoted by o, and 
let TT be a generator of the prime ideal tto = p C o. The residue field of E is denoted 
k. The non-trivial Galois automorphism oi E/F will be rcfered to as a. 
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7.2. Let Dq be a quaternion algebra defined over F and let Ao denote a maximal 
Oo-order in Dq. We get the quaternion algebra D := Dq ®p E over E with the 
order A = Aq (gJoo It is important to understand that this order need not be a 
maximal o-order of D. One should further notice that D is always isomorphic to 
the matrix algebra M2{E), since every quadratic extension splits Dq (cf. Thm.1.3 
in [371 p.33]). Moreover, we define the group schemes Gq and G over Oq just as in 

For every integer j > 1 we define the open compact subgroup K{j) as the 
kernel of the reduction map G{oq) G'(oo/po)- Further, we set K{0) := G(oo). 
These subgroups are a-stable, and we want to understand the cohomology sets 

7.3. Basic observation. We want to determine the first non-abelian cohomology 
H^{a, G{oo)). In order to do this, we mimic the proof of (29.2) in [5], but we work 
with rings instead of fields. Let b G Z^(cr, GLi(A)) be a cocycle. We define the 
fixed point space 

U{b) := {x e A\b''x = x}, 

which clearly is a right Ao-module. It follows from the theory of Galois descent 
that the canonical map 

(jjb ■■ U{b) ®oa ^ A 

is injective and that the image is an o-lattice of finite index in A. The Oo-module 
U{b) is free and we deduce that U{b) is of Oo-rank four. As Aq is a right principal 
ideal ring (see (17.3) in pTO]), we see that U{b) is isomorphic to Aq as right Ao- 
module. We choose a generator g E U (b), i.e. every x £ U{b) can be written x — gy 
for some y G Aq. 

Observe that, given two equivalent cocycles b,b' with c G GLi(A) satisfying 
b' = c'^b'^c, it follows that U{b) = cU{b') and similarly Im((/)b) = clm{(t)b'). This 
means if such a relation is not possible, we can use the images of (f>b and (j)b' to 
exclude that b and b' are equivalent. This setting will be used in the proofs of the 
following results. 

7.4. The unramified case. In this section we will assume that the extension E/F 
is unramified. 

Suppose Dq is a matrix algebra, then the order A = Aq <8) o is maximal and 
isomorphic to the full matrix algebra M2(o) (cf. |16[ (17.3)]). In particular, the 
reduced norm nrd ; A — > o is onto. 

On the other hand, if Dq is the unique quaternion division algebra over F, then 
A = Aq ® is not maximal. More precisely, there is an isomorphism of E algebras 

D ^ Al2{E) 

which maps the order Ato{(^;j^) \ x,y, z,w G o }. This means A is an Eichler 
order of level no. However, the reduced norm nrd ; A — !■ o is again surjective. 

Lemma 7.1. Suppose E/F is unramified. In this case i?^(cr, GLi(A)) = {1}. 

Proof. First, choose tt = ttq. We want to show that (pb is surjective. We find an 
element (Go such that E = F{() and o = Oq © Coo- Note that ''C - C ^ 
mod ttq since + ttqO ^ fco- Consequently, — C is a unit in o and we choose 
u :— ~ C)~^- Take any v £ A, then vi — v + b"'v and V2 = + b"'("'v are 
in U{b). Finally, we conclude that v = "^(^uvi — uv2 G lm{(/)). This means every 
element in A can be written as gy for some y G A. We deduce that 5 is a unit in A 
and b — g "^g^^ since g G U{b). □ 

Corollary 7.2. If the extension E/F is unramified, then H^{(t,G{oq)) = {1}. 
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Proof. Recall that G{oq) — SLi(A) and that the reduced norm nrd : A — > o is 
surjective. Hence, there is a short exact sequence of groups with cr-action 

1 SLi(A) GLi(A) ^ 0^ ^ 1. 
In turn there is an induced long exact sequence of pointed sets 

1 SLi(Ao) GLi(Ao) ^ ^ H\a,SU{A)) 1. 

Again, the reduced norm Aq — > Oq is surjective. This is clear, if Dq is a matrix 
algebra. If Dq is the unique central division algebra of dimension four over F, then 
this follows from the fact that E is embedded in Dq as a maximal subficld and so 
nrd(AJ)DNB/F(o") = o„\ □ 

Lemma 7.3. Assume that the extension E/F is unramified. In this case 
for every integer j > 0. 

Proof. The statement for j = was proven in Corollary 17.21 Let j > 1, the short 
sequence of groups 

1 — > Kij) G(oo) Gioo/Pi) 1 

is exact, since the group scheme G is smooth over Oq. Consider the induced long 
exact sequence of pointed sets 

Go(oo) -A Go(oo/p^o) H\o,K{3)) 1. 

Note that the group scheme of fixed points G"' is isomorphic to Gq over Oq since 
E/F is unramified. The reduction map / is surjective and the claim follows. □ 

7.5. The ramified case. We assume that E/F is a ramified extension. Here the 
situation becomes quite tedious. For the sake of simplicity we will assume later on 
that p^2. 

As before, if Dq is a matrix algebra, then A = Aq ® o is a maximal order and 
isomorphic to the full matrix algebra M2(o). 

Assume now that Dq is the unique central division algebra of dimension 4 over 
F. Let W/F be the unramified quadratic extension of F and let Ow be its valuation 
ring. The unramified extension W oi F ]s embedded into Dq as a maximal subfield 
such that Dq = W ® Wuj with = ttq. The maximal order Aq is Aq Ovi^ ® Oiyw 
with respect to this decomposition (cf. Vigneras [571 Cor. 1.7. p. 34]). We define 
L := W (E)F E, this is a field extension of degree 4 over F. Further, the extension 
L/E is unramified, whereas L/W is a ramified extension. Let Ol be the valuation 
ring of L, we have Ol — Ow(?)0. Consequently, the order A = Aqi^o is isomorphic to 
Ol © with the appropriate multiplication. One can check that there is precisely 
one proper right ideal / C A strictly containing ttA, namely / = ttol © Olui. 
Moreover, one can verify by calculation that this right ideal can not be generated 
by one element. 

Lemma 7.4. Assume p ^ 2. If E/F is a ramified extension, then 

i/i(a, SLi(A)) ={±1}. 

Proof. Return to the setting of 17.31 We proceed in a similar fashion as in the proof 
of Lemma l7.1l but we assume directly that b G Z^{a, SLi(A)). Using the assumption 
that p is odd, we may further assume tt^ = mttq for some unit u E Oq . Note that 
= Oo © TTOo and "'tt ~ — tt. 

Take an arbitrary w G A, we claim that ttu G Im((/)b). The two elements v\ — 
V + b'^v and V2 ^ ttv — bT:"v are in U(b). Clearly, 2Trv = ttwi + V2 and the claim 
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follows, since 2 is a unit in Oq- Consequently, we have ttA C Im((?!)h) C A. The 
image of 0h is a right ideal in A. We distinguish three cases: 

Case 1: Suppose Im((/)f,) = A, then the generator g S U{h) is a unit in A and 
satisfies b = g'^g^^- From nrd(6) = 1 we deduce that nrd(g) = ia:d{g) E Og . 
Multiplying g from the right with an element in Aq having reduced norm nTd{g)^^, 
we see that b represents the trivial class in H^{(t, SLi(A)). 

Case 2: Suppose Im((/);,) = ttA. The generator g e U{b) is of the form nh, where 
h G . From this we see the relation b = —h'^h^^ . As in case one we can achieve 
that h has reduced norm 1 and so b represents the class of —1 in i/^(tT, SLi(A)). 
By the way, using the last remark made in 17.31 it follows that the cocylces 1 and 

— 1 can not be equivalent (even over GLi(A)). 

Case 3: Suppose ttA C lm(0f,) C A. We distinguish whether Dq is split or not. 

Suppose Dq = M2{F) and choose an isomorphism A = M2{o). In this case we 
know that lm(0f,) is generated (as right ideal) by an element of the form aS where 
a € GL2(o) and 

(cf. (17.7) [H]). It follows that the generator g G U{b) is g = aSc for some unit c G 
A^. We get b'^{aSc) = a6c. Applying the reduced norm, we find '^(nrd(a) nrd(c)) = 

— nrd(a) nrd(c). This implies nrd(ac) € tto which is a contradiction to a and c being 
units. 

Suppose that Dq is a division algebra. Since U (6) is generated by one element, 
the same must be true for Im((/)b). However, as pointed out before, there is no such 
right ideal in A properly containing ttA. □ 

Lemma 7.5. Let p ^ 2 and let E/F be a ramified extension. For every J > 1 the 
first cohomology H^(a,K{j)) is trivial. 

Proof. We claim that the map H^{a-, K{1)) — > H^{a,G{oo)) is trivial. To see this, 
suppose that —1 is equivalent to a cocyle b e K{1). Under this assumption there 
is some c € SLi(A) such that —1 = c^^b'^c. Considering this equation modulo ttq, 
we get — c = '^c mod ttq. Let tt G o denote, as before, a uniformizer satisfying 
TT^ = mttq, '^tt = — TT and o = Oq ® ttOq, we deduce c € ttA. This is a contradiction 
to the assumption that c is a unit, which proves the claim. 

Finally, apply the argument of Lemma [7751 using that G"^ = Go since p 7^ 2. □ 

Remark 7.6. Many results of this section can be deduced from Rohlfs general 
treatment (see Satz 2.6 and KoroUar 2.7 in 17 ). Since most results follow directly 
in the given situation we decided to provide independent proofs. 

It seems to be a more difficult task to give a general description of H^{a, G{oo)) 
in the ramified case when the residual characteristic is p — 2. One can not expect a 
simple result like Lemma [73] This follows from the work of Rohlfs, who determined 
the cohomology sets for quadratic extensions of Q (cf. Table to Satz 4.1 in [17]). 
For the applications we have in mind it is sufficient to know that the cohomology 
set H^{a,G{oa)) is finite (see Kor. 2.5 in [IT]). 

7.6. The orders of certain finite groups. In this section we summarize some 
results on the cardinalities of the involved finite groups. These results are well- 
known or can be obtained using the well-known tricks. We simply gather these 
results here. We keep the notation used throughout the appendix. In particular, 
F denotes a finite extension of some p-adic field Qp and _E is a quadratic extension 
field of F. We write N(po) for the cardinality of the residue class field fco = Oo/po- 

Lemma 7.7. For every positive integer e the following holds: 
|SL2(ooM)| =N(po)''=(l-N(po)^') 
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Lemma 7.8. Let e be a positive integer and assume Dq is a division algebra, then 
|Go(oo/p8)l =N(po)^'=(l+N(po)-i). Moreover, 

• ifE/F is unramified, then |G(oo/pS)| = N(po)^'=(l - N(po)"2), 

• iJE/F is ramified, then |G(oo/pg)| = N(po)^''(l + N(po)"^), 

Proof. We only indicate the proof for the claim when E / F is unramified. In this 
case A is an Eichler order of level tto, i.e. 

A = { ( ^ ^ ) I x,y,z,w€ }. 

One counts the group of units |(A/7rA)^| = \k\'^{\k\ - 1)^ = N(po)^(l - N(po)-2)2 
and (by the usual trick) one obtains \{A/tt^A)'^\ = N(po)**''(l - N(po)"^)^ The 
reduced norm nrd : (A/tt'^A)^ (o/tt'^o)^ is onto and so 

I SLi(AK^A)| = N(por(l - N(po)-2). 

□ 

For a positive integer e, define 

^ |Go(oo/p8)l 
v/|G(oo/p§)|' 

With the help of Lemma [7771 and Lemma [7?51 is easy to verify to following assertions. 
Lemma 7.9. (1) If E/F is unramified and Dq is split, then 
Q2 = (i_n(Po)-2)(1 + N(Po)-^)-^ 

(2) If E/F is unramified and Dq is a division algebra, then 

Q2 = (i + N(po)-i)(l-N(po)-i)-^ 

(3) If E/F is ramified and Dq is split, then 

Q2 = i_n(Po)-2. 

(4) If E/F is ramified and Dq is a division algebra, then 

Q2 = i + n(Po)-\ 



ON THE GROWTH OF THE FIRST BETTI NUMBER 



23 



References 

A. Borel, Introduction aux groupes arithmetiques, Act. sci. ind. (1341), Hermann, Paris, 1969. 

A. Borcl and J- P. Scrrc, Theoremes de finitude en cohomologie galoisienne, Comment. Math. 
Helv. 39 (1964), pp. 111-164. 

F. Calcgari and M. Emcrton, Bounds for multiplicities of unitary representations of coho- 
mological type in spaces of cusp forms, Ann. of Math. (2) 170 (2009), pp. 1437-1446. 

B. Clair and K. Whytc, Growth of Betti numbers, Topology 42 (2003), pp. 1125-1142. 
D. L. De George and N. R. Wallach, Limit formulas for multiplicities in L^{T\G), Ann. of 
Math. (2) 107 (1978), pp. 133-150. 

A. Dold, Lectures on Algebraic Topology. 2nd Ed., Springer- Verlag, Berlin, 1980. 

G. Harder, A Gauss-Bonnet formula for discrete arithmetically defined groups, Ann. Sci. Ec. 
Norm. Super. (4) 4 (1971), no. 3, 409-455. 

S. Kionke, Finite transformation groups and Euler characteristics in the cohomology of 
sheaves, submitted (2012), 22. 

Max-Albert Knus, Alexander Merkurjev, Markus Kost, and Jean-Pierre Tignol, The Book of 
Involutions, CoUoqu. Pub. (44), American Matlu'niatical Society, 1998. 

J.-P. Labesse and J. Schwermer, On liftings and cusp cohomology of arithmetic groups, Invent. 
Math. 83 (1986), pp. 383-401. 

M. La<;kenby, Finite covering spaces of 3-manifolds, Proceedings of the ICM, Volume H, 
Hindustan Book Agency, New Delhi, 2010, pp. 1042-1070. 

A. Lubotzky, Free quotients and the first Betti number of some hyperbolic manifolds, Trans- 
form. Groups 1 (1996), pp. 71-82. 

W. Liick, Approximating L^ -invariants by their finite-dimensional analogues, Geom. Funct. 
Anal. 4 (1994), pp. 455-481. 

C. Maclachlan and A. W. Reid, The Arithmetic of Hyperbolic 3-Manifolds, Grad. Texts Math. 
(219), Springer- Verlag, New York, 2003. 

C. S. Rajan, On the non-vanishing of the first Betti number of hyperbolic three manifolds, 
Math. Ann. 330 (2004), pp. 323-329. 

Irving Reiner, Maximal Orders, LMS Monographs (28), Oxford University Press, Oxford, 
2003. 

J. Rohlfs, Arithmetisch definierte Gruppen mit Galoisoperation, Invent. Math. 48 (1978), 
pp. 185-205. 

, The Lefschetz number of an involution on the space of classes of positive definite 

quadratic forms. Comment. Math. Helv. 56 (1981), 272-296. 

, On the cuspidal cohomology of the Bianchi modular groups, Math. Z. 188 (1985), 

253-269. 

, Lefschetz numbers for arithmetic groups, Cohomology of Arithmetic Groups and 

Automorphic Forms, Proc, Lecture Notes Math. (1447), Springer- Verlag, 1990, pp. 303-313. 

J. Rohlfs and B. Speh, On limit multiplicities of representations with cohomology in the 
cuspidal spectrum, Duke Math. J. 55 (1987), pp. 199-211. 

G. Savin, Limit multiplicities of cusp forms. Invent. Math. 95 (1989), pp. 149-159. 
J. Schwermer, Geometric cycles, arithmetic groups and their cohomology. Bull. Amer. Math. 
Soc. 47 (2010), pp. 187-279. 

J-P. Serre, Cohomologie Galoisienne, Lec. Notes Math. (5), Springer- Verlag, Berlin, 1964. 

, Le Probleme des Groupes de Congruence pour SL2, Ann. of Math. (2) 92 (1970), 

pp. 489-527. 

, Cohomologie des groupes discrets. Prospects Math., Ann. Math. Stud. 70 (1971), 

pp. 77-169. 

Marie- France Vigneras, Arithmetique des Algebres de Quaternions, Lect. Notes Math. (800), 
Springer- Verlag, Berlin, 1980. 

F. Waldhausen, The word problem in fundamental groups of sufficiently large irreducible 
3-manifolds, Ann. of Math. (2) 88 (1968), pp. 272-280. 

Faculty of Mathematics, University of Vienna, Nordbergstrasse 15, A-1090 Vienna, 
Austria. 

E-mail address: steffen.kionkeSunivie.ac.at 

Faculty of Mathematics, University of Vienna, Nordbergstrasse 15, A-1090 Vienna, 
Austria. 

Erwin Schrodinger International Institute for Mathematical Physics, Boltzman- 
ngasse 9, A-1090 Vienna, Austria. 

E-mail address: Joachim . SchwermeriSimivie . ac. at 



